Abstract. In this paper, we give sharp Rusak-and Markov-type inequalities for rational functions on several intervals when the system of intervals is a "rational function inverse image" of an interval and those functions are large in gaps.
Introduction
In 1889 A. A. Markov proved that if P n (x) is a polynomial of degree n and |P n (x)| ≤ M on an interval of length 2L, then |P ′ n (x)| ≤ n 2 M L on the same interval and factor n 2 is attained for (transformed) Chebyshev polynomials of the first kind. Reader may consult papers [4, 20] and books [5, 18] for more detailed story of this inequality and its generalizations.
It is clear that Markov inequality can not be generalized for the set of all rational functions of degree n, although there are some Markov-type inequalities for rational functions with free poles [7, 8, 10] . For rational functions with fixed denominators under additional restrictions on the poles sharp Markov-type inequalities on an interval were obtained by V.N. Rusak [19] .
Generalizations of Markov inequality onto polynomials and rational function for sets more complicated then one interval were considered in many papers [9, 16, 17, 21] , but to the best of our knowledge the sharp factor for Markov inequalities is not known even for the simplest case of polynomials of even degree on two symmetric intervals. Asymptotically sharp Markov-type inequalities for polynomials on several intervals were obtained in [6, 22] . We start with one result of V.N. Rusak which was the base for sharp Markov type inequalities on one interval for rational functions with fixed poles. Theorem 1.1. [19] If algebraic fraction of the from where p n (x) is an algebraic polynomial of degree at most n with complex (real) coefficients, numbers a k are either real or pairwise complex conjugate, |a k | < 1, k = 1, . . . , 2n, satisfies the condition
then the estimate
is valid. Here {x k } , −1 < x 1 < . . . < x n < 1 are zeros of the cosine fraction
is attained only for functions r n (x) ≡ εm n (x), |ε| = 1.
The main goal of the paper is to give maximal (in a sense) possible extension of Rusak's inequality for rational functions on several intervals. As a consequence we give sharp Markov-type inequality for rational functions with an additional restriction. Note that the equality for our Markov-type inequality is attained for rational functions which can be considered as an analogue of Chebyshev-Markov rational functions (their numerators are called also Bernstein-Szegő orthogonal polynomials) on several intervals (see, for example [12, 13, 14, 15] ). We would like to remark that general result of V. Totik [22] contains o(1) as n −→ ∞, hence it says nothing for a fixed (maybe small) n.
Results
Let ℜ (ξ 1 , . . . , ξ 2n ) be the set of all " rational functions "of the form
to ∞, then (x − ξ j ) should be omitted) and
Here ω (z, G, C\E) is the harmonic measure of a set G ⊂ E at a point z ∈ C\E.
Consider also a subclass ℜ * (ξ 1 , . . . , ξ 2n ) of ℜ (ξ 1 , . . . , ξ 2n ) which consists of those functions r ∈ ℜ (ξ 1 , . . . , ξ 2n ), which satisfy |r(x)| > r C(E) for all x ∈ [−1, 1]\E.
. . , l, and |ξ j | > 1, j = 1, . . . , 2n. Then for any r ∈ ℜ * (ξ 1 , . . . , ξ 2n ) , r C(E) = 1 the inequality
..+q l−1 , x n , and x 1 < . . . < x n are zeros of m n (there are q k zeros on 
Let {y j } n+l j=1 be zeros of the sine Chebyshev-Markov fraction
and H(x) = 2l j=1 (x − a j ) (see [14, Theorem 3] ). Note that m n is a function of the form (2.1) and
If r(x) is different from m n (x) then for 0 < λ < 1 the difference m n (x) − λ r(x) takes the same signs as m n at points {y j } n+l j=1 . Hence it has simple zeros on the set E and can be written as
Next, the derivative of this difference is equal to
Zeros of the difference m ′ n (x)−λr ′ (x) coincide with zeros of square brackets in (2.6), and they are zeros of the logarithmic derivative of the rational function
The condition |ξ j | > 1, j = 1, . . . , 2n guarantees that all poles of the rational function R 2n (z) are contained in region |z| ≥ r > 1, all zeros {z k } of the function {R 2n (z)} lie in the interval (−1, 1) ⊃ E.
Bocher-Walsch Theorem [23, Corollary 1 on p. 99] implies that R ′ 2n (z) has n − 1 zeros in |z| ≤ 1 and other zeros are in |z| ≥ r > 1. In the same way because of (2.6) the zeros of the difference m ′ n (x) − λr ′ (x) are located. So the function m ′ n (x) − λr ′ (x), 0 < λ < 1 has no more than n − 1 zeros in (−1, 1) and other zeros are in |z| ≥ r > 1.
By the continuity as λ tends to 1 we obtain the function m
and the inequality (with ≤sign it was given in [14, Theorem 5], for r = ±m n strict inequality was obtained in [11] )
, on (x q1+1 , x q1+q2 ) there are q 2 − 1 zeros, and so on, therefore n − l zeros of the difference m ′ n (x) − r ′ (x) are on the set E n . Since m n (x) − λr(x) has the same value at a 2k and a 2k+1 , k = 1, . . . , l − 1, there is at least one zero of m ′ n (x) − λr ′ (x) on (a 2k , a 2k+1 ) , k = 1, . . . , l − 1. So by the continuity as λ tends to 1 we obtain that m ′ n (x) − r ′ (x) preserves sign inside intervals from E\ E n . In particular it follows from m
Analogous consideration is valid for the algebraic fraction −r(x). Therefore we obtain inequality m ′ n (x) + r ′ (x) ≤ 0 for a 1 ≤ x ≤ x 1 , and it gives the estimate |r
Analogously other intervals from E\ E n are considered.
. . , l, and ξ j ∈ R, |ξ j | > 1, j = 1, . . . , 2n. Then for any r ∈ ℜ * (ξ 1 , . . . , ξ 2n ) , r C(E) = 1 the inequality
holds.
Proof. Firstly consider the case x ∈ E n . Then by Theorem 2.1
and we get by γ
x ∈ E n , and application of second inequality in Theorem 2.1 finishes the proof. Corollary 2.3. Let Π n denote the set of algebraic polynomials with real coefficients of degree at most n. If 0 < a < b, n is even and p n ∈ Π * n where Π * n is the subclass of Π n which consists of polynomials p n ∈ Π n such that
is valid. It is attained for polynomials
where T n is the n th Chebyshev polynomial (T n = cos(n arccos(x))) .
Proof. It is sufficient to note that for
and for ξ 1 = . . . = ξ 2n = ∞, n is even, m n (x) = S n (x). 
